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Abst rac t - -We consider amathematical model which describes the frictionless contact between a
viscoelastic body and a deformable foundation. We model the material's behavior with a nonlinear 
Kelvin-Voigt constitutive law. The process is assumed to be quasistatic and the contact is modeled 
with a general normal damped response condition. We present he variational formulation of the 
problem including the existence ofa unique weak solution to the model. We then study the numerical 
approach to the problem using a fully discrete finite-elements scheme with an explicit discretization 
in time. We state the existence of the unique solution for the scheme and derive an error estimate 
on the approximate solutions. Finally, we present some numerical results involving examples in one 
and two dimensions. (~) 2004 Elsevier Ltd. All rights reserved. 
Keywords--Frictionless contact, Normal damped response, Error estimates, Finite-element 
method, Numerical simulations. 
1. INTRODUCTION 
Situations of contact between deformable bodies are very common in industry especially in the 
process of metal forming and in the automotive industry. For this reason, despite the difficulties 
that the contact processes present because of the complicated surface phenomena involved, a con- 
siderable ffort has been made in the modeling and numerical simulations of contact phenomena, 
and the literature concerning this topic is rather extensive. 
The study of frictionless problems represents a first step in the study of a more complicated 
contact problem, involving friction. To model the frictionless problems, we need to prescribe the 
normal approach, that is, a relation involving only the normal components of the displacement, 
velocity, and stress field. One of the most popular contact conditions is the famous Signorini 
nonpenetration condition, formulated in [1]. This condition models the contact with a perfectly 
rigid foundation, i.e., a foundation which is infinitely resistant o compression. The Signorini 
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frictionless condition was used in a large number of papers, see, for instance, [2-4]. The normal 
compliance contact condition was first considered in [5] in the study of dynamic problems. This 
condition allows the interpenetration f the body's surface into the obstacle and it was justified 
by considering the interpenetration and deformation of surface asperities. On occasion, the 
normal compliance condition has been employed as a mathematical regularization of Signorini's 
nonpenetration condition and used as such in numerical solution algorithms. Contact problems 
with normal compliance have been discussed in numerous papers, e.g., [4,6-9] and the references 
therein. Finally, a number of recent publications (see, e.g., [9-12]) deal with the normal damped 
response condition in which the normal stress on the contact surface depends on the normal 
velocity. This condition models the possible behavior of a layer of lubricant on the contact surface. 
In this paper, we consider a problem of frictionless contact between a viscoelastic body which 
is acted upon by volume forces and surface tractions, and an obstacle, the so-called foundation. 
We assume that the forces and tractions change slowly in time so that the acceleration i  the 
system is negligible. Neglecting the inertial term in the equation of motion leads to a quasi-static 
approximation for the process. We use a Kelvin-Voigt constitutive law in which the viscosity op- 
erators and the elasticity operators are nonlinear and we model the contact with a general normal 
damped response condition. We establish the existence of a unique solution to the model, then 
we discuss the numerical treatment of the problem and present error estimate results. Finally, 
we provide numerical simulations which represent the main objective of this paper. 
The paper is organized as follows. In Section 2, we present he mechanical problem, derive its 
variational formulation, and state an existence and uniqueness result, Theorem 2.1. The proof 
follows from arguments similar to those used in [10] and it is based on results on time-dependent 
nonlinear equations with strongly monotone operators and fixed point. In Section 3, we provide 
and analyze a fully discrete scheme to approximate the contact problem. Finally, in Section 4, 
we present some numerical results, in one and two dimensions. 
2.  MECHANICAL  PROBLEM AND 
VARIAT IONAL FORMULATION 
The physical setting is as follows. A viscoelastic body occupies an open, bounded, connected set 
C R d, d -- 1, 2, 3. The boundary F = 0 ~ is assumed to be Lipschitz continuous and has the 
decomposition F -- F1 U F2 U F3 with mutually disjoint, relatively open sets F1, F2, and F3, and 
Lipschitz relative boundaries if d -- 3. We assume meas (F1) > 0 and we are interested in the 
evolution process of the mechanical state of the body in the time interval [0, T] with T > 0. The 
body is clamped on F1 x (0, T) and so the displacement field vanishes there. Surface tractions of 
density f2 act on F2 x (0, T) and volume forces of density f0 act in ~ x (0, T). We assume that the 
forces and tractions change slowly in time so that the acceleration of the system is negligible, 
that is, the process is quasistatic. Moreover, the body is in frictionless contact with a deformable 
foundation on F3 × (0, T).  The constitutive law and the contact conditions will be discussed below. 
Under these conditions, the classical formulation of the mechanical problem of frictionless 
contact of a viscoelastic body with a deformable foundation is the following. 
PROBLEM P. Find a displacement field u : ~ x [0, T] -~ R d and a stress field o" : ~ x [0, T] ~ S d 
such that 
a = Ae (fi) + Be(u), in ~ × (0, T),  (2.1) 
Div ~ + f0 = O, in ~ x (0, T),  (2.2) 
u = 0, on r l  × (0, T),  (2.3) 
err = f2, on F2 × (0, T), (2.4) 
-~  = p~ (%),  ~ = o, on r3 × (0, T),  (2.5) 
u(o) = uo, in ~.  (2.6) 
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Here Sd represents he space of second-order symmetric tensors on ]R d. Relation (2.1) is the 
viscoelastic constitutive law in which .4 and B are given nonlinear operators, called the viscosity 
operator and elasticity operator, respectively. As usual, e(u) is the infinitesimal strain tensor 
and, everywhere in this paper, the dot above denotes the derivative with respect o the time. 
Relation (2.2) represents he equilibrium equation, (2.3) and (2.4) are the displacement-traction 
boundary conditions in which v represents he unit outward normal vector to F. The function u0 
in (2.6) denotes the initial displacement. 
We describe now the contact conditions (2.5). Here a,  denotes the normal stress, ~r represents 
the tangential stress, ~ is the normal velocity, and p~ is a prescribed nonnegative function. The 
first equality in (2.5) states a general dependence of the normal stress on the normal velocity. In 
the case when 
p~ (r) : fir, with/3 > 0, (2.7) 
the resistance of the foundation to penetration is proportional to the normal velocity. This type of 
behavior was considered in [12] modeling the motion of a deformable body on sand or a granular 
material. We may also consider the case (see [13]) 
p~ (r) =/3 r+ + Po, (2.8) 
where f _> 0, r+ : max{0, r}, and P0 > 0. This boundary condition models the physical setting 
when the foundation is covered with a thin lubricated layer, say oil. Here/3 is the damping 
resistance coefficient, assumed positive, r+ = max{0, r} and po is the oil pressure, which is given 
and nonnegative. In this case, the lubricant layer presents resistance, or damping, only when the 
surface moves towards the foundation, but does nothing when it recedes. Another choice of p~ is 
= s ,  (2 .9 )  
where S is a given positive function. This type of contact condition in which the normal stress 
is prescribed arises in the study of some mechanisms and was considered by a number of authors 
(see, e.g., [14,15]). Finally, notice that the second equality in (2.5) shows that the tangential 
stress on the contact boundary vanishes, i.e., the contact is frictionless. 
We denote in the following by " ." and I ' I the inner product and the Euclidean norm on the 
spaces R d and Sd. Everywhere below the indices i and j run between 1 and d, summation over 
repeated index is implied and the index that follows a comma indicates a partial derivative with 
respect o the corresponding component of the spatial variable. We introduce the spaces 
Q,1 : {T E Q, [ Tij,j E 
and let ~ : V --~ Q, Div : Q1 ~ [L2(~t)] d denote the deformation and divergence operators, 
respectively, defined by 
= 1 s~j = 5 (ui,¢ + uj,i), Div a = (aij,j). 
The spaces Q and Q1 are real Hilbert spaces with the canonical inner products 
f 
(~, T)Q =/o  aij~'~j dx, 
(a,r)Q 1 = (~,r)Q + (Div cr,Div r)[L~(n)]~. 
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Moreover, since meas F1 > 0, and therefore, Korn's inequality holds, the space V is a real Hilbert 
space with the inner product 
(-, v)v = (4u), 
We denote by u~ and ur the normal and tangential components of u E V on F given by u~ = u- 
and u~, and we recall that, for a regular tensor field a,  its normal and tangential components 
are given by a~ = (as )  - u, o'~ = a~ -- a~.  
If (X, (., ' )z)  is a real Hilbert space, we denote by ]. Ix the norm on X; moreover, if T > 0, 
C(0, T; X), and C1(0, T; X) will represent the space of continuous and continuous differentiable 
functions from [0, T] to X, with norms 
Ilxlb(o,T;X) = max IIx@llx, t~[0,T] 
Ilxllc comx) = IIx@llx + t~[O,T] ~[o,~] lIb(t) IIX. 
Finally, Xi x X2 will represent the product of the spaces Xi and X2, whose elements will be 
denoted {Xl, x2}. 
In the study of the mechanical problem (2.1)-(2.6) we assume that the viscosity operator A 
and the elasticity operator B satisfy the following. 
(a) A : ~ X Sd ~ Sd. 
(b) There exists i x  > 0 such that IA(x, xl) -A (x ,  x2)l -< ix l~]  -621, V~I, el E Sd, 
a.e., x E ~. 
(c) There exists mx > 0 such that (A(x,61) - A(x, x2)). (61 - 62) >_ mx ]el - e212, 
V¢I,~i E Sd, a.e., x E ~. 
(d) For any a E Sd, X ~ ¢4(X, £) is Lebesgue measurable on a. 
(e) The mapping x ~ A(x, 0) E Q. 
(2.10) 
(a) 
(b) 
(e) 
(d) 
Recall 
B : ~ X Sd --~ Sd. 
There exists L• > 0 such that IB(x, el) - B(x, e2)l _< LB lel - e2[, Vei,62 e Sd, 
a.e., in t2. 
For any e E Sd, x ~ B(x, e) is measurable. 
The mapping x ~ B(x, 0) E Q. 
that in linear viscoelasticity, the stress tensor er = (aij) is given by 
(2.11) 
o~j = a~jkZ¢kZ(fl) + b~jkZ~kZ(U), (2.12) 
where A = (aijkl) is the viscosity tensor and B = (b~jkt) is the elasticity tensor. Clearly, con- 
ditions (2.10) and (2.11) are satisfied for the linear viscoelasticity model (2.12), provided that 
a~jkt E L°~(i2) and b~jkz E L°°(~) with the usual symmetry and ellipticity conditions. 
The contact function p. satisfies the following. 
(a) p~ : F3 × 1¢ -~ ~+. 
(b) There exists an L .  > 0 such that [pv(x, ua) - p~(x, u2)] _< L,  Is1 - u2l, 
Vul,u2 E R, a.e., on Fa. 
(2.13) 
(c) (p~(x, r l)  - ;~(x ,  r2)).  (~1 - ~2) > 0, w1,~2 e ~, a.e., on r3. 
(d) For any u e ~, x ~-~ p~(x,u) is measurable. 
(e) The mapping x ~ p.(x,  0) e L2(r~). 
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We observe that assumptions (2.13) on the function p. are pretty general. The only severe 
restriction comes from Condition (b) which, roughly speaking, requires the functions to grow 
at most linearly. Certainly the functions defined in (2.7)-(2.9) satisfy conditions (2.13). We 
conclude that our results below are valid for the boundary values problems related to each of 
those examples. 
We also assume that the forces and tractions atisfy 
c (2.14) 
and, finall~ 
u0 e V. (2.15) 
Next, we denote by f(t) the element of V given by 
(f(t),v)v=/af0(t).vdx+jfr f2(t).vda, 
2 
(2.16) 
for all v C V and t C [0,T], and we note that conditions (2.14) imply 
f e C(0,T; V). (2.17) 
Let j : V × V -* • be the functional 
j(v,w) = [ p~(vv)wvda, 
JFa 
Vv, w E V. (2.18) 
With these notations, applying a Green's formula it follows that if {u, er} are sufficiently regular 
functions atisfying (2.2)-(2.5), then for all t E [0, T], 
(er(t),e(v))Q + j  (fi(t),v) = (f(t),v)y, Vv e V. 
Thus, using (2.1) and (2.6), we obtain the following variational formulation of problem (2.1)-(2.6) 
in terms of the displacement field. 
PROBLEM PV. Find a displacement fidd u : ~2 x [0, T] ~ V such that u(0) = u0 and, for a11 
t e [0, T], 
(A~ (fi(t)), e(v))Q + (Be(u(t)), e(V))Q + j (fi(t), v) ---- (f(t), v)v, Vv e V. (2.19) 
The well posedness of Problem PV is stated in the following result. 
THEOREM 2.1. Assume that (2.10)-(2.15) hold. Then Problem PV has a unique solution with 
the regularity u 6 C1(0, T; V). 
Theorem 2.1 can be easily derived from Theorem 3.1 in [10]. Its proof is based on arguments 
of monotonicity and fixed point. Since the modifications are straightforward, we omit presenting 
them. 
Now, let u C C 1 (0, T; V) be the solution of Problem PV and let a be the stress field given 
by (2.1). Using (2.19) and (2.14) it can be shown that Diver E C(0,T; [L2(~)]d), and therefore, 
e C(0, T; Q1). A pair of functions {u, a} which satisfies (2.1) and (2.19) is called a weak solution 
of problem (2.1)-(2.6). We conclude that problem (2.1)-(2.6) has a unique weak solution with 
the regularity {u, or} e C 1 (0, T; V) × C(0, T; Q1). 
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3. NUMERICAL  APPROXIMATION 
In this section, we consider a fully discrete approximation scheme for Problem PV. To this end, 
let us denote by V h C V an arbitrary finite-dimensional space V, where h > 0 is a discretization 
parameter. If we assume f~ to be a polyhedral domain and ~h a finite-element triangulation 
compatible with the boundary partition F -- F1 U F2 U F3, a usual example consists of taking V h 
composed of continuous piecewise linear functions, that is, 
Vh={vh~[C(~) ]d[v )Te[P~(T) ]e ,  YT~Th,  vh=Oonr l} .  (3.1) 
Finite-element spaces V h of form (3.1) will be used in the numerical simulations presented in 
Section 4. 
Now, for the time discretization we use a nonuniform partition of the time interval [0, T] : 
0 = t O < t I < . ' '  <2 tic = T. Denote the step size kn = tn - - tn - -1  for n = 1 , . . . ,N  and let 
k = maxn kn be the maximal step size. For a continuous function w(t), we also use the notation 
W n W(tn)  and for a sequence N = {wn}n=0 we denote Awn = wn - wn-1 for the difference and 
5w~ = Awn/k~ for the corresponding divided difference. No summation is implied over the 
repeated index n and, everywhere in the following, c will denote positive constants which are 
independent of the discretization parameters h and k. 
Let u0 h E V h be chosen to approximate the initial value u0. Then, a fully discrete approximation 
scheme for Problem PV is the following. 
PROBLEM PV hk. Find a displacement field U hk r hk~N V h = tun J'n=0 C such that 
u hk = u0 h, 
and, for n = 1, . . . ,  N, 
(¢z~$(vhk) ,N(wh) )Q~- (Bs(uhk l ) ,~(wh) )Q-~j (vhk ,wh)=( fn ,wh)v  , VwhEV h, (3.2) 
where v n = = - Un_l)/kn is the discrete velocity field. 
By using arguments imilar to those employed in the study of the continuous problem PV, we 
can prove that Problem PV hk has a unique solution u hk C V h. 
Now, we proceed to derive error estimates for the discrete solution. First, we notice that 
Problem PV can be written in the following form: 
(As(v(t)),  e(w))Q + (Bs(u(t)), s(w))Q + j(v(t) ,  w) = (f(t), w)v ,  Vw e V, (3.3) 
where now v(t) = fi(t) denotes the velocity field. 
Let v~ = fin. Taking w = w h in (3.3) and subtracting (3.3) and (3.2), we get 
(.Z[N(Vn) -- A~ (v hk) ,N (w h))Q -q- (~g(Un) - ~$ (uhk l ) ,~  (W h))Q 
(V  hk W h) = 0, VW h E V h. +J(vm wh) - j ,  n , 
Then, taking into account condition (2.13), we have 
(A~(vn) - A~ (~) ,  ~ (vn - v~) )q  + (B~(un) - ~ (u~ ~_ 1) ,~ (vn - Vn~)) q 
+~ (v~, ~n -- v~ ~ ) -- j (~ ,  vn -- Vn ~)  = (~(Vn)  -- A~ (v~ ~ ) ,~ (v~ -- w ~ ) )q 
-- (v hk v +(B~(u~)  ~(u~_0,~(~n- -w~))q+j (v~,~n- -w~) - - j ,~ ,  n - -w~) ,  V~eV ~ 
From (2.13), we derive the following properties for the functional j :  
j(ul,v) -j(u2, v) < clul -u21vlvlv, 
j (Ul ,Ul  -- U2) - - j (u2, Ul -- U2) ~ 0, 
VUl,U2, V E V~ 
Vul ,u2 E V. 
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Thus, from (2.10)-(2.13), we obtain the following inequality: 
Ivo -~'~ ~ Inn ~ -- --U.-l lvlv~ w~lv -v  ,v_<c(Ivn--vn IvlVo w~lv+ 
-~ [ Un hk hk hk __ - u~-~lv Iv. - vn Iv + Iv . -  Vn IV Ivn W~IV)" 
Applying now the inequality 
1 
ab <_ 7a 2 + -~7 b2' Va, b C ]~, 7 > 0, 
we deduce that 
hk2 (I h2  hk  2 "~ Ivo- vn Iv_<e ~-w Iv+lu~-  an-1 V) ' 
- _ c un_ i ]v)  . (3.4) Iv~ v~lv < (Ivn- w~lv + lun - ~ 
and therefore, 
Moreover, we also have 
)v I-~ ~ k vhk "0 ~ -un_ l I .=  v (s )ds+u0-  j j + 
\ j= l  (3.5) 
n--1 n--1 
fo ~ 
hk  _ v (s )ds -~k jv j  +~ks Iv j -v j  Iv+luo-uo~lv 
j=l v j=l 
Let us denote by 
t~ n--1 V 
if0 I v '  n=l , . . . ,N .  (3.6) ±n= v(s) d~-~k jv j  , en=lvn-V~ 
j= l  
Keeping in mind (3.5) and (3.6), inequality (3.4) can be rewritten as follows: 
( ~ (3.7) Iv . -vn Iv_<e I~+luo-uo~lv+lv . -w~lv+~kje j  , Vw~V ~. 
j= l  
Finally, we observe that if we assume that # C L ~ (0, T; V), then we obtain the following error 
estimate for the integration term In (see [16]): 
In <_ ck IglL~(O,T.,V). (3.8) 
Proceeding in a similar way, we can obtain the following error estimate for the displacement 
field: 
lU~--Un Iv <_e kV'lL~(o,r;v)+iUo-uo~lv+l<n<~l --vn Iv • (39) 
Therefore, using now a discrete version of the Gronwall's lemma (see Lemma 4.1 in [17] for 
details) and combining (3.7)-(3.9), we obtain the following result. 
THEOREM 3.1. Assume that (2.10)-(2.15) hold. Then, the fully discrete problem PV hk has a 
unique solution U hk  ( V h . Moreover, under the additional regularity condition 
ii C L~(0,  T; V), (3.10) 
the following error estimate holds: 
~ ~ (k I~I~(o,~:v) + luo - uo~lv " .  Iv + lu~- ~un Iv} <-e max I<.<N \ 
(3.11) \ 
+ max f ln--Wh[v ] ,  Vw h V h c 
l<n<N I / 
Est imate (3.11) is the basis for the analysis of the convergence order. To  provide an example,  
we  state the following result wh ich  is a direct consequence of (3.11). 
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COROLLARY 3.2. Assume that (2.10)-(2.15) and (3.10) hold. Assume also that the initial data 
satisfy Uo 6 [H2(~)] d, Uo h = Hhu0, where H h is the finite-element interpolation operator, and, 
moreover, f i e  L°°(0,T; [H2(~)] d) and Y h is defined by (3.1). Then we have the following error 
estimate: 
hk hk 
max {[u~-u  n [v+I f in -Sun  Iv} 
l<n<N 
Finally, we emphasize that the above error estimate is only a sample result under the stated 
regularity conditions. If the regularity conditions are different, the error estimates need to be 
changed accordingly, but they follow easily from (3.11). 
4.  NUMERICAL  S IMULAT IONS 
To verify the performance of the numerical method described in the previous section, a number 
of numerical experiments have been performed on test problems. We describe in this section 
numerical results for Problem PV in one and two dimensions. 
4.1. One-D imens iona l  Example  
We consider a viscoelastic rod ~ -- (0, L) which is fixed at its left end x -- 0 and is subject to 
the action of a body force of density fo(x, t) in the x-direction. Its right end x = L is in contact 
with a reactive foundation and the contact is modeled with normal damped response as shown 
in Figure 1. This problem corresponds to problem (2.1)-(2.6) with ~ -- (0, L), F1 = {0}, F2 = 0, 
F3 = {L}. We use a linear viscoelastic onstitutive law, i.e., 
= a~ (~) + b~(~). 
Here E(u) = o~ while a, b are material constants, independent of x and t such that a > 0. We 
choose (2.8) as a normal damped response contact function. 
A complete description of this problem is the following. 
f0 
g l  7 
F igure  1. Contact  of  a v iscoelast ic  rod  w i th  a de formable  foundat ion .  
PROBLEM T1D.  Find a displacement field u : [0, L] x [0,T] -+ ]~ and a stress field ~r : [0, L] × 
[0, T] ---+ 1~ such that 
Ox 
o2~(x, t) O~(x, t) 
a(x,t)  =a  OxOt +b Ox ' in (0, L) x (0,T), (4.1) 
Oct(x, t )+  fo(x, t) -- O, in (0, L) x (0,T), (4.2) 
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~(o, t) = o, 
-a (L ,  t) = flit(L, t)+ + po, 
~(x, O) = ~o(~), 
for t ~ (o, T), 
for t ~ (0, T ) , 
in (0, L). 
(4.3) 
(4.4) 
(4.5) 
For computation, we have used the following data: 
Nsec N 
L = l m, T = 0.5sec, a = 1 - - ,  b = 1 - - ,  
m m 
fo(x, t) = 10 N ,  Yx C (0, 11, t e [0, 0.5], 
m 
Nsec 
f l= l - - ,  uo(x) =0m,  Vx e (0,1). 
m 
After an elementary but tedious calculation, it can be proved that if P0 > 5 then the velocity 
of the end x = 1 of the rod at any t C [0, T] is negative, and therefore, the rod is in compression 
during the process. It also can be proved that if P0 < 5 then the velocity of the rod is positive for 
any t E [0, T], and therefore, there is penetration i to the obstacle. For this reason, we considered 
problem (4.1)-(4.5) with the above data, for two different values of P0. The corresponding exact 
solutions are the following ones: 
u(x,t) = (1 -e  -t) (4x -  5x2), 
~z(x, t) = 4 - 10x, 
(4.6) 
for Po = 6, and 
for p0 = 2. 
~(x,  t) = 5x(x  - 1) ~-* - 3x ~-t /~ + sx  - 5x ~, 
3 e_t/2 a(x, t) = -~ + 8 - 10x, 
(4.7) 
We have implemented the numerical method described in Section 3 on a standard workstation. 
We used a discretization composed by continuous piecewise linear functions for the space V h 
with parameter h -- 0.01. Moreover, we used the uniform time step k = 0.01 and, for solving the 
discrete problems, we employed a penalty-duality method (see, e.g., [18,19]). 
Our results in the case P0 = 6 are presented in Figures 2-5. In Figure 2, the displacement 
fields and their corresponding errors with exact solution (4.6) are shown at several time values. 
In Figure 3, the evolution through the time of the displacements of nodes x = 0.25, 0.5, 1 and the 
exact error are plotted. In Figure 4, the evolution in time of the stress field on the contact node 
x = 1 and the error with the exact solution (4.6) are drawn. Finally, in Figure 5, the evolution 
of the error 
Eh~= max {]u~ ~-u~]V  +]hu~- i to lv}  
l<n<N 
is shown. 
Our results in the case P0 = 2 are presented in Figures 6-9. Thus, the displacement field 
at several times and their corresponding error with exact solution (4.7) are shown in Figure 6. 
Besides, in Figure 7, the displacements of the nodes x = 0.25, 0.5, 1, and the exact error are 
plotted through the time. In Figure 8, the stress field of the contact node x - 1 and its exact 
error is drawn through the time. Finally, in Figure 9, the evolution of the error 
l<n<N 
is shown. 
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Figure 10. Test 2D: contact of a 2D viscoelastic body. 
4.2. Two-Dimensional Example 
As a two-dimensional example of problem (2.1)-(2.6), we consider the plane stress viscoelastic 
problem depicted in Figure 10. The physical setting is the following. We consider a three- 
dimensional linear viscoelastic body of cross-section ft -- (0, 6) × (0, 6) in the plane stress hypoth- 
esis. A linearly decreasing compression force is supposed to act on the part F2 = [0, 6] x {6} of 
the boundary and no body forces act in ~. The horizontal displacements on the lateral surfaces 
are supposed to vanish, i.e., F1 = {0, 6} × (0, 6). Finally, the body is in frictionless contact with 
normal damped response with a foundation on F3 = [0, 6] x {0} and we choose (2.8) as normal 
damped response contact function. 
The elasticity tensor B satisfies 
E~ E 
(Br )~ = 1 - ~------~ (711 + T22)5~ + ~ ~-~, 1 < a, ~ < 2, 
where E is the Young's modulus, n the Poisson's ratio of the material, and 5aZ denotes the 
Kronecker symbol. The viscosity tensor A has a similar form, i.e., 
(AT)~ = #(Tll + T22)5~ + ~'r~, 1 < a, ~ < 2, 
Figure 11. Test 2D: initial boundary and deformed Figure 12. Test 2D: initial boundary and deformed 
mesh at final t ime for fl ---- ]0sec /m 2. mesh at final t ime for fl = 100sec/m 2.
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Figure 13. Test 2D: initial boundary and deformed mesh at final t ime for fl = 
I000 sec/m 2. 
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Figure 14. Test 2D: Von Mises stress norm at final t ime in the deformed configuration 
for fl = 1000 sec/m 2. 
where  ~ and  ~ are viscosity constants. Recall also that the Von  Mises norm for a plane stress 
field r = (~-~) is given by  
I~1 = (~[, + ~-~ - ~11" , -2~ + 3~-~) 1/2. 
For computat ion  we have used the following data: 
T = 1 sec, f0 - -  0 N f2 (x l ,  x2, t) (0 , -10(6  - xl)t) N 
m 2 ' m '  
N 
Po = 2 m'  uo  = 0m,  
= 30 N sec  N sec  
E = 100 m~----ff, ~ 0.3,  # = m2 , ~? = 20 m----- ~ 
O, 
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Figure 15. Test 2D: contact boundary for several values of ft. 
As in the one-dimensional test problem, we used continuous piecewise linear functions to ap- 
proximate the space V. Moreover, for the time discretization, we used a uniform time partition 
with k = 0.01. The solution of the discrete problem at each time step is calculated by a penalty- 
duality method (see, e.g., [19]), by using some ideas already performed in [20] in the study of 
frictionless contact problems for perfectly plastic materials. 
Our results are presented in Figures 11-15. In Figures 11-13, the initial boundary and the 
deformed mesh obtained at final time t = 1 sec are shown for values fl = 10, 100, and 1000, 
respectively. The VonMises norm for stress is plotted in Figure 14 at this time for the value 
fl = 1000. Finally, the contact boundaries for several values of fl are shown in Figure 15. 
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